In the recent paper by one of the authors (MBS) and A. Malykh on the classification of second-order PDEs with four independent variables that possess partner symmetries [1], mixed heavenly equation appears as one of the canonical equations admitting partner symmetries. Here for the mixed heavenly equation, formulated in a two-component form, we present a Lax pair of Olver-Ibragimov-Shabat type and obtain its multi-Hamiltonian structure. Thus, we discover a new integrable Hamiltonian system.
Introduction
In the paper [1] , one of the authors (MBS) and A. A. Malykh obtained the general form of second-order partial differential equations (PDEs) with four independent variables t, x, y, z, that possess partner symmetries [2] [3] [4] [5] and contain only second derivatives of the unknown u: F = a 1 (u ty u xz − u tz u xy ) + a 2 (u tx u ty − u tt u xy ) + a 3 (u ty u xx − u tx u xy ) + a 4 (u tx u tz − u tt u xz ) + a 5 (u tz u xx − u tx u xz ) + a 6 (u tt u xx − u ϕ t = − a 2 u ty + a 4 u tz − a 6 u tx + b 6 − ω 0 ϕ t − a 3 u ty + a 5 u tz + a 6 u tt + b 7 ϕ x + a 1 u tz + a 2 u tt + a 3 u tx − b 1 ϕ y + − a 1 u ty + a 4 u tt + a 5 u tx − b 3 ϕ z , (1.2) ϕ x = − a 2 u xy + a 4 u xz − a 6 u xx − b 5 ϕ t − a 3 u xy + a 5 u xz + a 6 u tx − b 6 − ω 0 ϕ x + a 1 u xz + a 2 u tx + a 3 u xx + b 2 ϕ y + − a 1 u xy + a 4 u tx + a 5 u xx + b 4 ϕ z , where ϕ andφ are symmetry characteristics [6] and ω 0 is a constant. In (1.1) and (1.2), the subscripts denote partial derivatives with respect to respective variables. The transformation (1.2) maps any symmetry ϕ of the equation (1.1) again into its symmetryφ.
In [1] , we also listed canonical forms to which the general form (1.1) can be reduced by point and Legendre transformations. Among these forms we find, along with the first and second heavenly equations of Plebañski [7] , a new equation that looks, up to a point, like the combination of these two equations, which we called mixed heavenly equation:
where ε = ±1. Recursion relation (1.2) for symmetries of the equation (1.3) becomesφ
In this paper we consider mixed heavenly equation in a two-component form, which enables us to rewrite our recursion relation as a single 2 × 2 matrix-differential equation and introduce naturally a recursion operator R. Together with the operatorÂ of the symmetry condition, which determines symmetries in a two-component form, the two operators R andÂ form a Lax pair of the Olver-Ibragimov-Shabat type [8, 9] . We discover the symplectic and Hamiltonian operators for our mixed heavenly system and the corresponding Hamiltonian function. The proof of the Jacobi identity is a simple check that the corresponding symplectic two-form is closed. Thus, our system is set into the Hamiltonian form. Applying the recursion operator to the first Hamiltonian operator, we generate explicitly two more Hamiltonian operators for our system and thus we show that our system is a multi-Hamiltonian system, which is integrable in the sense of Magri [10] .
We have to mention also that a different classification of integrable threeand four-dimensional PDEs, that contain only second derivatives of the unknown, was given by E. Ferapontov et. al. in [11, 12] . In this approach integrability is understood as the existence of sufficiently many hydrodynamic reductions, which is a requirement completely different from the existence of partner symmetries and therefore the results are also completely different.
Recursion operator for symmetries and Lax representation
After choosing u t = v as a second unknown, we present the mixed heavenly equation (1.3) in the form of a two-component system
Lie groups of symmetry transformations of the system (2.1) in the evolutionary form, when only dependent variables are transformed, are determined by the Lie equations
where τ is the group parameter. The symmetry condition amounts to compatibility of the Lie equations (2.2) and the equations (2. 
Using the relation ψ = ϕ t and a similar oneψ =φ t for the transformed symmetry, we rewrite the recursion relation (1.4) with ω 0 = 0 and u t = v, v t = Q in the two-component form
In the notationΦ = φ ψ , the recursion relation takes the formΦ = R Φ , where the recursion operator R has the 2 × 2 matrix form
For the commutator of the recursion operator R and operatorÂ of the symmetry condition (2.3), computed without using the equations of motion, we obtain
Therefore, on solutions of the system (2.1) operators R andÂ commute and so R acting on any two-component symmetry generates again a symmetry. This proves that R is indeed a recursion operator. More than that, vanishing of the commutator (2.6) reproduces (2.1) and hence the operators R andÂ form a Lax pair of the Olver-Ibragimov-Shabat type for the mixed heavenly system (2.1).
3 Lagrangian, symplectic and Hamiltonian structure of the mixed heavenly system
We start with the Lagrangian for the mixed heavenly system (2.1)
which yields the canonical momenta
that cannot be inverted for the velocities u t and v t , and therefore the Lagrangian (3.1) is degenerate. Following Dirac's theory of constraints [13] , we treat the definitions (3.2) as constraints of the second class
compute the Poisson brackets of the constraints (for more details of this procedure see [14] )
as entries of the 2 × 2 matrix
5) which is an explicitly skew-symmetric symplectic operator. The corresponding symplectic two-form is a volume integral Ω = V ωdxdydz of the density
The form Ω is closed since the exterior differential of (3.6) is a total divergence
which is equivalent to zero under the volume integral in Ω, at appropriate boundary conditions. Therefore Ω is indeed a symplectic form and so K in (3.5) is a symplectic operator. Hence its inverse is a Hamiltonian operator
Indeed, it is explicitly skew-symmetric and the Jacobi identity is satisfied as a consequence of the closeness of the form Ω. The Hamiltonian density, corresponding to J 0 is defined as
with the result 8) so that the mixed heavenly equation in the two-component form (2.1) can be presented as a Hamiltonian system
where δ u and δ v are Euler-Lagrange operators [6] with respect to u and v applied to the Hamiltonian density H 1 (they correspond to variational derivatives of the Hamiltonian functional
4 Multi-Hamiltonian representation of the mixed heavenly system
By the theorem of Magri [10] , we can generate second Hamiltonian operator by acting with the recursion operator (2.5) on the Hamiltonian operator (3.7)
where J 22 1 , in an explicitly skew-symmetric form, is defined as
The proof of the Jacobi identity is straight-forward and lengthy. The calculations can be simplified by using P. Olver's criterion (theorem 7.8 in [6] ) formulated in terms of functional multivectors. We made also a straightforward check of compatibility of two Hamiltonian operators J 0 and J 1 using P. Olver's criterion (corollary 7.21 in his book [6] ) and proved that every linear combination aJ 0 + bJ 1 with arbitrary constant coefficients a and b satisfies the Jacobi identity, i.e. J 0 and J 1 form a Poisson pencil (a Hamiltonian pair by the terminology of [6] ).
The flow (2.1) can be generated by the Hamiltonian operator J 1 from the Hamiltonian density
where c is a constant, so that the mixed heavenly equation in the twocomponent form (2.1) admits two Hamiltonian representations
and thus it is a bi-Hamiltonian system. We note that we could drop out the term h 0 = cvu xx in the Hamiltonian H 0 by assuming that c = 0 in (4.3), because the vector of its variational derivatives belongs to the kernel of J 1
By repeated applications of the recursion operator to the first Hamiltonian operator J 0 , according to Magri's theorem we could generate an infinite sequence of Hamiltonian operators
In particular, for n = 2 we obtain a new Hamiltonian operator J 2 = R 2 J 0 = RJ 1 , which has the following explicitly skew-symmetric form
where J 22 2 is defined by
Surprisingly enough, the Hamiltonian density, such that the Hamiltonian operator J 2 generates the system (2.1), is proportional to H 1 in (3.8) 9) so that the mixed heavenly system admits three-Hamiltonian representation
Computing J n in (4.6) for n = 3, 4, . . ., we can generate an infinite series of Hamiltonian operators, which proves that the mixed heavenly equation considered in a two-component form is a multi-Hamiltonian system.
Symmetries and conservation laws
Using the software packages LIEPDE and CRACK by T. Wolf [15] , run under REDUCE 3.8, we have calculated all point symmetries of the mixed heavenly system (2.1), a class of solutions of the symmetry condition (2.3). We list their generators and two-component symmetry characteristics and we have used the equations of motion (2.1) for eliminating u t and v t . Such obvious symmetries as translations in y, z and u, which do not appear explicitly in the list (5.1), can be obtained as simple particular cases of X 3 and X 4 , while translations in t are generated by our two-component system (2.1) of the second order in derivatives.
We have also computed all the second-order symmetries with the generator in an evolutionary form
where the dots denote an infinite prolongation part, c is a constant and the function a(t, x, v, u x ) is an arbitrary smooth solution of the equations a tx − εa vux = 0, a tv + a xux = c, a xx + εa vv = 0, a tt + εa uxux = 0.
( 5.3)
The corresponding Lie equations are
where τ is the group parameter. We note that the mixed heavenly system (2.1) is a particular case of (5.4) with the choice c = 0 and a = v that obviously satisfies the conditions (5.3). Hamiltonian operators provide the natural link between commuting symmetries in evolutionary form [6] and conservation laws (integrals of motion) in involution with respect to Poisson brackets. We write Lie equations for symmetries with the two-component characteristicη
where the symmetry group parameter τ plays the role of time for the symmetry flow (5.5) and
Hdxdydz is an integral of the motion along the flow (2.1), with the conserved density H. The second equality in (5.5) is the Hamiltonian form of Noether's theorem that gives a relation between symmetries and integrals. We determine conserved densities H, corresponding to known symmetry characteristicsη u ,η v , by inverting the relation (5.5) in the form the inverse Noether theorem 6) where the symplectic operator
is defined in (3.5). By using (5.6), we find Hamiltonians for the first four symmetries from the list (5.1)
while for the last three symmetries Hamiltonians do not exist and hence these are not variational symmetries. To be more precise, the symmetry X c can be generated from a conserved density H c only if the function c(x, v) is specified as c = c 1 x + c 2 and then the symmetry generator and Hamiltonian density are
with constant b, c 1 , c 2 .
Higher flows
Trying to produce some other flows from the hierarchy of the mixed heavenly system, we first choose combinations of J 1 , J 0 and H 1 , H 0 , different from the ones in (4.10), with the trivial results
and
Applying J 2 in these formulas to H 1 and H 0 does not give anything new because the vectors of variational derivatives of these Hamiltonian densities belong to the kernel of the operator J 2 + εJ 0
Therefore, we try to extend the set of available Hamiltonian densities by applying a Hermitian conjugate recursion operator R † . We know from the work of Fuchssteiner and Fokas [16] (see also the survey [17] and references therein) that if a recursion operator has a factorized form, as in our case R = J 1 J 
but H 2 determined from (6.4) is H 2 = εxvu xx = −εH 0 | c=0 , which is proportional to H 0 at c = 0 (compare with (4.5)). Again a trivial result. Now, we try to obtain nontrivial higher flows by using the Hamiltonians (5.7) of the symmetry flows (5.1) commuting with the mixed heavenly flow (2.1). Formula (5.6), used for the calculation of the Hamiltonians of the flows, is equivalent to (5.5), which implies the following results
for the Hamiltonian flows.
Since (6.5) still are not higher flows, we try to generate new Hamiltonian densities from the Hamiltonians (5.7) of the symmetry flows by applying formula (6.4) with the following results
The importance of equations admitting partner symmetries is that they possess recursion relations for symmetries of a special form, that enables us to obtain noninvariant solutions by symmetry methods. They are integrable equations also in a more traditional sense because they also admit Lax representation. The mixed heavenly equation is one of the simplest canonical equations with these properties that combines, up to a point, two heavenly equations of Plebañski. We have presented the mixed heavenly equation in a two-component form, which resulted in a natural definition of a single matrix recursion operator. This operator together with the operator of the symmetry condition forms a Lax pair of Olver-Ibragimov-Shabat type. By choosing an appropriate Lagrangian, we have discovered a symplectic and Hamiltonian representation of the mixed heavenly system. Applying the recursion operator to the Hamiltonian operator, we have explicitly generated second and third Hamiltonian structures. Thus, we have shown that the mixed heavenly equation in a two-component form is a multi-Hamiltonian system with compatible Hamiltonian structures forming a Poisson pencil. Therefore, this is also an integrable system in the sense of Magri. Hamiltonian structure relates symmetries and conserved densities which serve as Hamiltonians for the symmetry flows. We have determined such Hamiltonians for all variational point symmetries of the mixed heavenly system. By applying the Hermitian conjugate of the recursion operator, we have obtained the first nonlocal Hamiltonian in the hierarchy and explicitly presented the first nonlocal flow commuting with the mixed heavenly flow. We have also obtained the set of all higher second-order symmetries of the mixed heavenly system, which includes our system as a particular simple case. Further study of higher-order symmetries may provide additional interesting information about the structure of the hierarchy.
